R. B. Marks
The above paper' presents an approach to the problem of interior resonances which plague the integral equations goveming many scattering problems. It aims to determine the smallest singular value, which vanishes at the resonance, and orthogonalize the solution to the corresponding singular vector if resonance is detected. The computation of the smallest singular value makes use of the inverse power method.
The above work neglects an earlier paper [l] which described the determination of the resonances of integral equation operators. Like the paper in question, [ 11 also determined the smallest singular value Manuscript received April 9, 1992. The author is with the National Institute of Standards and Technology, Mail IEEE Log Number 9210198. 'F. X. Canning, IEEE Trans. Antennas Propagar., vol. 39, pp. 1545 -1552 , Code 813.01, 325 Broadway, Boulder, CO 80303. Nov. 1991 and also used the inverse power method, with an implementation identical to that of Canning's paper, for its computation. Reference [I] went further in including a constructive procedure for locating these resonances in the complex frequency plane. Although [ 11 discussed primarily the external resonances, nothing precludes the application of the method to intemal resonances as well [2].
However, while the paper in question limits itself explicitly to the electric field integral equation (EFIE), the method of [I] is applied only to Fredholm equations of the second kind (such as the magnetic field integral equation, or MFIE). The rationale was explained not only in [l] but also in an earlier paper [3], which was apparently the first to apply the singular value decomposition to scattering integral equations. The explanation is that, for sufficiently smooth surfaces, the equations of the second kind contain compact operators plus the identity, so that the singular values accumulate at 1. This is not true of the E R E operator. As shown in [3], the singular values of the equation of the first kind for a sphere accumulate at 0. In other words, the EFlE operator then has no smallest singular value but simply an infinite number of them in an infinitesimal neighborhood about the origin. These singular values do not signify resonant modes, and the solution to the integral equation is not orthogonal to the corresponding singular vectors. An effort to orthogonalize to these vectors invalidates the solution.
The accumulation of the singular values at 0 formally ensures that the inverse power method, as applied to the integral operator, is nonconvergent. As applied to the discretized operator, the inverse power method may indeed converge to the smallest singular value for any given discretization. However, for some sufficient number of basis functions, the singular value associated with the nearly resonant mode, regardless of its proximity to resonance, is not the smallest singular value. This contradicts the implicit assumption of Canning' Because of this problem, it appears difficult to construct a general method which locates the EFIE resonances of smooth bodies by using the smallest singular value. Certainly, any finite discretization will have only a finite number of singular values and may mask the problem. In fact, computation of the EFIE singular values for the TM cylinder indicates that the problem occurs only when very high US. Government work not protected by U.S. copyright order modes are included. However, the problem must arise when a sufficient number of basis functions are included, which means that the method must eventually fail as the discretization error goes to zero. Furthermore, other scattering bodies may demonstrate this problem with far coarser grids. In contrast, the method of [l] may be formally applied directly to the MFIE operator itself as well as to a discretized approximation.
Finally, Canning's paper asserts that the MFIE is "invalid at the resonant frequencies. In fact, both the EFIE and the MFIE have solutions, albeit nonunique ones, at their resonant frequencies. While the exterior fields, not only the surface currents, of the MFIE are nonunique at resonance, this fact appears irrelevant to the problem at hand. 
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The comments by Marks raise a point which is central to my paper, and I welcome this opportunity to clarify it. Let me begin by placing this discussion in a broader context. From the point of view of the applied mathematician, a first kind equation such as the electric field integral equation (EFIE) is ill posed. That is, its eigenvalue (and singular value) spectrum contains zero as a limit point, so the "solution process" is necessarily unstable. However, it is well known that standard moment method procedures produce a matrix problem which does not have these deficiencies. The main point of the above comments is closely analogous to this. It suggests that the method used in my paper for correcting scattered fields is incorrect or impractical since it is based on an integral equation which is ill posed. Below I show that the matrix problem one must solve is not ill posed, and in fact the objections raised by Marks stem from failing to properly distinguish the properties of the matrix from the properties of the integral equation. After dealing with this important point, responses are given to several specific statements made in the above comments. As a preliminary, it is helpful to review why the EFIE can be used in the first place for moment method problems in spite of being ill posed. When increasingly rapidly oscillating currents are put into the EFIE, phase cancellation produces successively weaker radiated fields. Indeed, asymptotically the eigenvalue is inversely proportional to the frequency of oscillation. (As an aside, it has been recently shown [ 11 how to use this fact to define functional spaces under which the EFIE is not iil posed, since the singular values are then given in terms of a different norm.) One simple example of this is the circular cylinder case where the mode elmd has an eigenvalue proportional to l l m , as stated in equation (2) in the above comments. In passing from the EFIE to the moment method matrix, one necessarily truncates the problem and in doing so eliminates all frequencies above some level.
The resulting matrix problem now has eliminated all eigenvalues that were small due solely to the fast oscillation. That is, in terms 'Manuscript received May 7, 1992.
The author is with the Rockwell Science Center, 1049 Camino Dos Rios, P.O. Box 1085, Mail Stop A2, Thousand Oaks, CA 91358. of (2) in the above comments, m has some maximum value for the matrix problem. Thus this matrix problem may be solved in a stable way except at resonance. More rapidly oscillating fields are not needed for practical solutions and this truncation produces a physically meaningful approximation. The physical understanding of this is clearly described and then used in a recent paper [2] .
The crux of the argument in the above comments is the statement "However, for some sufficient number of basis functions, the singular value associated with the nearly resonant mode, regardless of its proximity to resonance, is not the smallest singular value. This contradicts the implicit assumption of Canning's paper that, near the resonance, the smallest singular value corresponds to the nearly resonant mode." If one uses a definition of "near resonance" which depends only on the integral equation and is independent of the number of basis functions used, then this argument makes sense. However, my paper went into great detail about how to define near resonance; the definition given (in the second paragraph of Section 111) depended explicitly on the matrix and therefore implicitly on the number of basis functions used.
Marks uses the example of the EFIE for a circular cylinder and the resonance near La = 8.417. in the above comments; it actually works better. The definition of near resonance given in my paper uses a construction that explicitly ensures that it is "near enough to resonance" as defined here. Some of the other issues rased in the above comments will now be addressed. The purpose of my paper, as expressed in its title, was to calculate external fields. Therefore, I cannot agree with the comment "While the exterior fields . . . of the MFIE are nonunique at resonance, this fact appears irrelevant to the problem at hand." I appreciate the reference to [3], which I did not mention and which presents the use of the SVD and power method to locate resonances, but not to correct scattering calculations. Rather, I cited a paper of my own [4] whicfi describes theoretically and with numerical examples how to use the SVD to correct scattering calculations and mentions how the power method would be used to perform those calculations efficiently. In the paper in question, I also failed to cite a 1988 paper of mine [5], which gives all of the details of implementing the power method to compute these corrections to scattering calculations. In addition to [3], there is an earlier paper [6] by Marks. This paper convincingly argues for the theoretical advantages of an expansion in singular functions rather than in terms of eigenfunctions. However, all that this paper and the one in question have in common is that both use the singular value decomposition rather than an eigenvalue decomposition since the matrix is non-Hermitian. As the conclusion of [6] states, "This method provides a formal solution to the scattering problem." Furthermore, no numerical method is given in [6] for generating this solution.
Comments on "The Vector Effective Length of Slot Antennas"
R. E. Collin
In a recent communication,' A. D. Wunsch goes through a lengthy derivation to obtain a formula for the effective length of a slot antenna. Unfortunately, Wunsch models the receiving antenna, which consists of a small square aperture in a conducting plane, incorrectly and obtains a result that is too small by a factor of 2. The method of derivation used by Wunsch is nonrigorous because the receiving properties of a small slot antenna or that of a short dipole antenna cannot be established without solving a properly posed boundary value problem.
It is not necessary to introduce any elementary receiving antenna in order to establish expressions for the effective length of an antenna. Consider an arbitrary antenna that is excited through a coaxial line. For unit input current at a conveniently chosen terminal plane in the transmission line, let the radiated electric field be expressed in the form where q = and LE is a function of the polar angles 0 and 4. May 1991.
where E ; is the incident electric field. This expression clearly shows the appropriateness of the term effective length. The radiated magnetic field can be expressed as
where k is the propagation vector for the radiated field. The terminal input voltage, for unit input current, is Z,, where Z, is the antenna input impedance. If the input voltage is set equal to 1, then the input current equals 1/Z, and the radiated magnetic field is given by
where LH is the magnetic effective length introduced by Wunsch. For a unit magnetic current element of length A t , we have LH = -as&! sin 8. A comparison of (3) and (4) shows that a result valid for any antenna.
V,,/Z, we obtain, from (2) and (5),
Since the short-circuit current under receiving conditions equals since k x E , = -lcqE,. The use of (2) leads to a Thevenin equivalent circuit, while (6) gives a Norton equivalent circuit for a receiving antenna.
Consider now a narrow slot antenna of length 2h and width d with aperture electric field (Vola) sin k ( h -l z l ) / sin kd, as in the paper by Wunsch. By using the formulas given by Wunsch we find that the radiated magnetic field is given by H+ = -jwF+, He = -j u F~, where and Im(z') = 2Vosink(h -Iz'I)/sinkd. From (4) and (7) with Vo = 1 we obtain LH = -as sin@[: Im(z')eikz'CoS8 dz'
which is a factor of 2 larger than that given by (19) in Wunsch's paper. For a slot one-half wavelength long and for 8 = 7r/2 we obtain LH8 = 2X/7r. For a half-wavelength dipole LEO = X / T so LHe = 2 L~e for a half-wave slot. A half-wave slot antenna is equally effective as a half-wave dipole antenna for both receiving and transmitting. For a halfwave dipole antenna the available received power is IVo,12/8Rd = lLEd . E;I2/8Rd, where LEd is the effective length and Rd is the dipole impedance at resonance. For the same incident field the available received power from the slot antenna is 11s,12R,/8 = ( L H~ . H;I2R,/8, where L H~ is the effective length and R, is the slot antenna impedance at resonance. By using RdR, = q2/4 and lH;Iq = lE;/, we readily find that the available powers are the same
